For a locally compact group G, we study the distality of the action of automorphisms T of G on Sub G , the compact space of closed subgroups of G endowed with the Chabauty topology. For a certain class of discrete groups G, we show that T acts distally on Sub G if and only if T n is the identity map for some n ∈ N. As an application, we get that for a T -invariant lattice Γ in a simply connected nilpotent Lie group G, T acts distally on Sub G if and only if it acts distally on Sub Γ . This also holds for any closed T -invariant cocompact subgroup Γ. For a lattice Γ in a simply connected solvable Lie group, we study conditions under which its automorphisms act distally on Sub Γ . We construct an example highlighting the difference between the behaviour of automorphisms on a lattice in a solvable Lie group from that in a nilpotent Lie group. For torsion-free compactly generated nilpotent (metrizable) groups G, we obtain the following characterisation: T acts distally on Sub G if and only if T is contained in a compact subgroup of Aut(G). Using these results, we characterise the class of such groups G which act distally on Sub G . We also show that any compactly generated distal group G is Lie projective. As a consequence, we get some results on the structure of compactly generated nilpotent groups.
Introduction
Distal actions were introduced by David Hilbert to study the dynamics of nonergodic actions on compact spaces (cf. Moore [22] ). Let X be a (Hausdorff) topological space. A semigroup S of homeomorphisms of X is said to act distally on X if for every pair of distinct elements x, y ∈ X, the closure of {(T (x), T (y)) | T ∈ S} does not intersect the diagonal {(d, d) | d ∈ X}. Let Homeo(X) denote the set of homeomorphism of X. The map T ∈ Homeo(X) is said to be distal if the group {T n } n∈Z acts distally on X. If X is compact, then T is distal if and only if the semigroup {T n } n∈N acts distally (cf. [8] ). Let G be a locally compact (Hausdorff) group with the identity e and T ∈ Aut(G). Then T is distal if and only if e / ∈ {T n (x) | n ∈ Z} whenever x = e.
Distal actions on compact spaces have been studied extensively by Ellis [12] who obtained a characterisation, and by Furstenberg [13] who has a deep structure theorem for distal maps on compact metric spaces. Distal actions by automorphisms on Lie groups and locally compact groups have been studied by many mathematicians (see Abels [1, 2] , Jaworski-Raja [18] , Raja-Shah [26, 27] , Reid [25] , Shah [29] and the references cited therein).
A locally compact (Hausdorff) group G is said to be distal if the conjugacy action of G on G is distal. Equivalently, e / ∈ {gxg −1 | g ∈ G}, for every x = e. All discrete groups, compact groups and nilpotent groups are distal. It is well known that a connected locally compact group G is distal if and and only if it has polynomial growth; and such a G is a compact extension of a connected solvable normal subgroup (see [28] and [19] ). In [25] , Reid has shown that any compactly generated totally disconnected distal group is Lie projective. We extend this to all compactly generated locally compact distal groups (see Theorem 2.1). As a consequence, we get some useful results on the structure of compactly generated nilpotent groups (see Corollary 2.3 and Proposition 2.4).
For a locally compact group G, let Sub G denote the space of all closed subgroups of G equipped with the Chabauty topology (cf. [10] ). Then Sub G is compact. It is metrizable if G is so (cf. [7] ). Note that Sub G has been identified for certain groups G, e.g. Sub R is isomorphic to [0, ∞], Sub Z is isomorphic to {0} ∪ {1/n | n ∈ N} and Sub R 2 is isomorphic to S 4 . (We refer the reader to Abert et al [4] , Baik and Clavier [5, 6] , Bridson et al [9] , Pourezza and Hubbard [23] and the references cited therein.)
There is a natural action of Aut(G), the group of automorphisms of G, on Sub G as follows:
Each T ∈ Aut(G) defines a homeomorphism of Sub G and the corresponding map from Aut(G) → Homeo(Sub G ) is a group homomorphism. For automorphisms T of connected Lie groups G, Shah and Yadav in [31] have studied and characterised the distality of the T -action on Sub G under certain conditions on T or on G, e.g. T is unipotent or the maximal connected central subgroup of G is torsion-free. Our main aim is to study the distality of this action for some disconnected metrizable groups G, namely, a certain class of discrete groups, compact groups and compactly generated nilpotent groups. Note that a lattice Γ in a simply connected nilpotent group G is a finitely generated discrete nilpotent co-compact subgroup and any automorphism T of Γ extends to a unique automorphism of G (cf. [24] , Theorem 2.11 and Corollary 1 following it). Note also that Sub Γ is much smaller than Sub G ; e.g. Sub Z n is countable, while Sub R n is not. We are motivated by the following question: whether it is enough to study the T -action on Sub Γ to determine the distality of the T -action on Sub G . We show that it is in fact enough to assume the distality of the T -action on Sub c Γ , the set of cyclic subgroups of Γ, to show that T n = Id, the identity map on G and hence, it acts distally on Sub G (more generally, see Theorem 3.8). We also get a suitable generalisation of this for a closed co-compact Lie subgroup Γ in G (see Corollary 4.5) . For lattices Γ in simply connected solvable groups G, if T ∈ Aut(G) and T (Γ) = Γ, the distality of the action of T on Sub Γ implies that T n | Γ = Id, but T need not act distally on Sub G (more generally, see Corollary 3.9 and Example 3.1). For locally compact compactly generated nilpotent (metrizable) groups G such that G 0 is torsion-free, we get that T ∈ Aut(G) acts distally on Sub G if and only if T is contained in a compact subgroup of Aut(G) (see Theorem 4.4) . This also holds for any compact totally disconnected metrizable group (see Theorem 4.3) . We also characterise metrizable locally compact compactly generated nilpotent groups G whose inner automorphisms act distally on Sub G (see Theorem 4.6); this is an analogue of Corollary 4.5 of [31] .
Some of the results about the actions of automorphisms on Sub G are proven under weaker assumptions such as either T acts distally on Sub a G , the set of closed abelian subgroups of G, or on a smaller class Sub c G , the set of closed cyclic subgroups of G. Bridson, de la Harpe and Kleptsyn in [9] describe the structure of Sub a H and various other subspaces of Sub a H , for the 3-dimensional Heisenberg group H, and they also study and describe the action of Aut(G) on some of these spaces in detail. Baik and Clavier have identified Sub a G for G = PSL(2, C) in [6] and they also give a description of the space which is the closure of Sub c G in Sub G , where G is either PSL(2, R) or PSL(2, C) (cf. [5, 6] ). We give conditions on discrete groups G under which Sub c G is closed in Sub G and study the distality of the action of automorphisms of G on Sub c G . We also prove certain results for the automorphisms in the class (NC) introduced in [31] , which contains those that act distally on Sub a G or on the closure of Sub c G . Throughout, let G be a locally compact (Hausdorff) group with the identity e. For a subgroup H of G, let H 0 denote the connected components of the identity e in H. For any T ∈ Aut(G), T 0 is the identity map of G.
Compactly Generated Distal Groups
Recall that a locally compact group G is distal if the conjugation action of G on G is distal, i.e. for every x ∈ G such that x = e, the closure of {gxg −1 | g ∈ G} does not contain the identity e. Compact groups, nilpotent groups and discrete groups are all distal. A locally compact group is said to be Lie projective if it has compact normal subgroups K α , such that α K α = {e} and G/K α is a Lie group for each α. Note that any connected, more generally any almost connected locally compact group is Lie projective; (G is almost connected if G/G 0 is compact).
It is shown by Willis in [33] , that any compactly generated totally disconnected locally compact nilpotent group is Lie projective. This was extended by Reid to all compactly generated totally disconnected locally compact distal groups (cf. [25] , Corollary 1.9) We generalise this to all locally compact groups as follows.
Theorem 2.1. Any compactly generated locally compact distal group is Lie projective.
Proof. Let G be a compactly generated locally compact distal group. By Corollary 3.4 of [26] , G/G 0 is distal. Since G/G 0 is also compactly generated, by Corollary 1.9 of [25] , there exists a neighbourhood basis of the identity consisting of compact open normal subgroups in G/G 0 , and hence there exist open normal subgroups H α in G, such that H α /G 0 is compact and α H α = G 0 . Let α be fixed. Note that the maximal compact normal subgroup K of H α is characteristic in H α and hence normal in G. Let H = KG 0 . Then H is normal in G, K is the maximal compact normal subgroup of H and H/K is a Lie group. As H α is Lie projective, we have that H is an open normal subgroup of G. Therefore, G/H is discrete, and it is finitely generated, since G is compactly generated. Let x 1 , . . . , x n ∈ G be such that their image in G/H generates G/H. Let L be the subgroup generated by x 1 , . . . , x n in G. Then L is countable. Since the conjugation action of L on K is distal, K has compact normal subgroups K β such that K β is L-invariant and K/K β is a Lie group for each β, and β K β = {e} (cf. [17] , Theorem 2.6 and Corollary 2.7). Let β be fixed. Since G 0 normalises K, by Theorem 1 ′ of [16] , the action of G 0 on K is the same as the conjugation action of K 0 on K. Therefore, every normal subgroup of K is normalised by G 0 . In particular, K β is normal in H = KG 0 . Since L also normalises K β and LH = G, we get that K β is normal in G. As K/K β and H/K are Lie groups, so is H/K β . Moreover, G/H is discrete. Therefore, G/K β is a Lie group. Since this is true for any β and since β K β = {e}, G is Lie projective.
Note that in Theorem 2.1, both the conditions that the group is compactly generated and distal are necessary. Willis in [33] has given an example of a locally compact nilpotent (distal) group which is not Lie projective. For a compactly generated locally compact group which is not distal, one can take G = Z ⋉ (T 2 ) Z , where T 2 is the (compact) 2-dimensional torus, and the action of 1 ∈ Z on (T 2 ) is given by the shift action. Here, G is compactly generated and locally compact, but it is not distal as the shift action on (T 2 ) Z is ergodic. It is easy to see that G is not Lie projective.
A locally compact group G is said to be Λ-Lie projective for a subgroup Λ ⊂ Aut(G), if it admits compact open normal Λ-invariant subgroups {K α } such that G/K α is a Lie group for each α and α K α = {e}. Note that Λ-Lie projective groups were introduced in [27] and they are obviously Lie projective. A group is said to be T -Lie projective for some T ∈ Aut(G) if it is {T n } n∈Z -Lie projective. A group G is Λ-Lie projective for a finitely generated group Λ of Aut(G) if and only if Λ ⋉ G is Lie projective, where Λ is endowed with the discrete topology. Similarly, G is T -Lie projective for some T ∈ Aut(G) if and only if Z ⋉ T G is Lie projective, where the action of n ∈ Z on G is given by the action of T n on G, and Z is endowed with the discrete topology.
We say that a locally compact group Λ acts on G by automorphisms, if there exits a group homomorphism ψ : Λ → Aut(G) such that the corresponding map Λ × G → G given by (λ, g) → ψ(λ)(g), λ ∈ Λ, g ∈ G, is a continuous group homomorphism.
For a compact group G, if T ∈ Aut(G) is distal, it follows by Lemma 2.5 of [27] , that G is T -Lie projective. As any compactly generated nilpotent group is a generalized F C group (cf. [21] ), the following useful corollary follows easily from Corollary 3.7 of [27] and Theorem 2.1.
Corollary 2.2. Let G be a compactly generated locally compact distal group. If Λ ⊂ Aut(G) is a compactly generated nilpotent group which acts distally on G by automorphisms, then G is Λ-Lie projective. In particular, if T ∈ Aut(G) acts distally on G, then G is T -Lie projective; i.e. Z ⋉ T G is Lie projective.
The following generalises the same result for Lie groups by Dani in [11] to locally compact groups. Corollary 2.3. Any locally compact compactly generated nilpotent group admits a unique maximal compact subgroup.
Proof. Let G be a group as in the hypothesis. By Theorem 2.1, G is Lie projective, and hence it has a compact normal subgroup K such that G/K is a Lie group, (this also follows from Theorem 2 of [20] , since such a group G has polynomial growth). As G/K is also compactly generated and nilpotent, by Lemma 3.1 of [11] , G/K has a unique maximal compact subgroup, and hence its pre-image in G is a unique maximal compact subgroup of G.
The following group theoretic result will be useful in proving Theorem 4.6. In particular, it implies for special case of compactly generated G below that the unique maximal compact subgroup centralises G 0 .
Proposition 2.4. Let G be a locally compact nilpotent group. Then any compact subgroup of G centralises G 0 .
Proof. Let K be a compact subgroup of G. Since G 0 is normal and K is compact, we get that KG 0 is a closed subgroup. Also, it is compactly generated since G 0 is so. By Corollary 2.3, KG 0 has a unique maximal compact subgroup. To prove the assertion, we may replace G by KG 0 and also assume that K is the unique maximal compact subgroup of G, and show that it centralises G 0 .
If G 0 = {e} the assertion follows trivially. Note that the maximal compact subgroup C of G 0 is connected, abelian and central in G 0 , (this follows from the fact that G 0 is Lie projective and any maximal compact subgroup in a connected nilpotent Lie group is connected and central). It is also characteristic in G. As K is the unique maximal compact group, it is normal and we also get that K ∩ G 0 = C.
Suppose G is a Lie group. Then K is a compact Lie group with finitely many connected components. We first show that C is central in K. If possible, suppose C is not central in K. Let C 0 = C and let C n+1 = [K, C n ], n ∈ N ∪ {0}. Then C 1 is nontrivial. Since K and C are normal in G and C is compact and connected, we get that C 1 , and hence each C n is a compact connected normal subgroup of G and
Therefore, k centralises c m and, since this holds for any k ∈ K and c ∈ C l−1 , we get that K centralises a subgroup of index at most m in C l−1 . Since C l−1 is connected and abelian, K centralises C l−1 , and hence C l = {e}, which leads to a contradiction. Therefore C is central in K.
Now suppose G is not a Lie group. Since G = KG 0 , G is Lie projective and hence there exists compact normal subgroups K α in G such that α K α = {e} and G/K α is a Lie group for each α. Since K is the unique maximal compact subgroup, we have that K α ⊂ K for each α. As the connected component of G/K α is (G 0 K α )/K α , we get from above that K/K α centralises (
Distal Actions of Automorphisms on Sub G for Discrete groups G and Applications to Lattices
Let G be a locally compact (metrizable) group. A sub-basis of the Chabauty topology on Sub G is given by the sets 
We define Sub c G as the space of all closed cyclic subgroups of G. In general, Sub c G need not be closed in Sub G , e.g. Sub c R is dense in Sub R and Sub R = Sub c R ∪ {R}. We will show that for a certain class of groups G, which include discrete finitely generated nilpotent groups, Sub c G is closed. We first state a useful lemma about the limits of sequences in a discrete group. We give a short proof for the sake of completion.
Proof. By Lemma 3.1 (i), we get that for every h ∈ H, there exists h n ∈ H n , n ∈ N, such that h n → h. Since G is discrete we will get h n = h for all large n. Therefore,
As any discrete subgroup of a connected solvable Lie group is finitely generated (cf. [24] , Corollary 3.9), the following will be useful for results on lattices of connected nilpotent and solvable Lie groups (see Theorem 3.8 and Corollary 3.9). Lemma 3.3. Let G be a discrete finitely generated group such that all its subgroups are also finitely generated. Then Sub c G is closed.
From the hypothesis, H is finitely generated. Let {x 1 , . . . , x m } be the set of generators of H. Since H is an increasing union of cyclic groups G k , there exists n 0 ∈ N such that x 1 , . . . , x m ∈ G n 0 . Therefore H = G n 0 , and hence H is cyclic.
A locally compact group G is said to be strongly root compact if for every compact subset C of G, there exists a compact subset C 0 of G with the property that for every n ∈ N, the finite sequences {x 1 , . . . , x n } of G with x n = e, satisfying Cx i Cx j ∩ Cx i+j = ∅ for all i + j ≤ n are contained in C 0 (see [14] , Definition 3.1.10). All compact groups and compactly generated nilpotent groups are strongly root compact (cf. [14] , Theorem 3.1.17). 
Since G is strongly root compact, by Theorem 3.1.13, of [14] , {x k } k∈N is relatively compact, and hence {x k } k∈N is finite. As each x k generates an infinite cyclic group, there exists n 0 ∈ N such that x k = x k+1 for all k ≥ n 0 , and hence H = G n 0 = ∞ n=n 0 H n . Therefore, H is cyclic. The class (NC) of automorphisms is defined in [31] . An automorphism T of a locally compact metrizable group G belongs to class (NC) if given any closed cyclic subgroup A of G, T n k (A) → {e}, for any unbounded sequence {n k } ⊂ Z. For x ∈ G, let G x denote the cyclic group generated by x in G. Then either G x is closed (and hence discrete) or G x is compact.
Note that if T acts distally on Sub a G , then T ∈ (NC). It is easy to see that T n ∈ (NC) for some n ∈ Z \ {0} if and only if T n ∈ (NC) for all n ∈ Z. We now state and prove an elementary result about the class (NC) for the discrete quotient groups. Proof.
As H is open in G, it is also closed and G/H is a discrete group. Let x ∈ G be such that Gx is infinite. If possible, suppose there exists an unbounded
Passing to a subsequence if necessary, we may assume that {n k } ⊂ N. Let G x be the group generated by x ∈ G. Since Gx is closed, discrete and infinite, we have that G x is also closed, discrete and infinite. As Sub G is compact, we may choose a subsequence of {n k }, and denote it by
As T n k (Gx) → {ē}, we have that g ∈ H, and hence T n k (x m k ) = {ē} for all large k, since G/H is discrete. This implies thatx has finite order, which leads to a contradiction. Therefore, T n k (Gx) → {ē}. If G/H is torsion-free, every nontrivial element of G/H generates a discrete infinite group, and hence the last assertion follows easily.
For a locally compact group G and T ∈ Aut(G), let
The following basic lemma about automorphisms of strongly root compact groups in the class (NC) will be very useful.
Lemma 3.6. Let G be a locally compact strongly root compact (metrizable) group.
Since G is locally compact and metrizable, and O x is separable, it is second countable, and hence O x ⊂ n∈N V n , for some open relatively compact sets V n , and we may also assume that V n ⊂ V n+1 for all n ∈ N. For some n ∈ N, if O x ⊂ V n , then O x ⊂ V n and hence O x is compact.
If possible, suppose O x ⊂ V n , n ∈ N. There exists k n ∈ N such that |k n | ≥ n and T kn (x) ∈ V n , n ∈ N. As G x ∈ Sub G and the latter is compact, passing to a subsequence if necessary, we get that T kn (G x ) → H in Sub G for some closed subgroup H in G. Since T ∈ (NC), it implies that H = {e}. Let a ∈ H be such that a = e. By Lemma 3.1 (i), there exists a sequence {m n } ⊂ Z such that T kn (x mn ) → a and hence {T kn (x mn )} is relatively compact. Replacing a by a −1 if necessary, and passing to a subsequence, we may assume that {m n } ⊂ N. As G is strongly root compact, by Theorem 3.1.13 of [14] , we get that {T kn (x)} is relatively compact and hence, it has a limit point (say), b. Then b ∈ O x . As V n is increasing, {T kn (x)} ⊂ n∈N (G \ V n ) which is closed. It follows that b ∈ n∈N V n ; this leads to a contradiction since b ∈ O x . Therefore, O x ⊂ V n for some n ∈ N and hence O x is compact and x ∈ M(T ). This proves the assertion.
For any discrete group, all automorphisms are distal. The following proposition shows that for strongly root compact discrete groups G, only finite order automorphisms of G act distally on Sub G . Note that for such groups G, Sub c G is closed by Lemma 3.4. The proposition holds in particular for discrete finitely generated nilpotent groups as they are strongly root compact (cf. [14] ).
Proposition 3.7. Let G be a discrete finitely generated strongly root compact group and let T ∈ Aut(G). Then the following are equivalent:
T acts distally on Sub c G .
3. T acts distally on Sub G .
4.
T n = Id, where Id is the identity map.
Proof. 4 =⇒ 3 =⇒ 2 =⇒ 1 is obvious. It is enough to show that 1 =⇒ 4. Suppose T ∈ (NC). Since G is discrete, every element x ∈ G generates a discrete cyclic group, and hence by Lemma 3.6, G = M(T ). Now as G is discrete, for every x ∈ G, the T -orbit of x, {T n (x)} n∈Z is finite, and hence T m (x) = x for some m ∈ N. As G is finitely generated, there exists x 1 , . . . , x l ∈ G which generate G. Let n 1 , . . . , n l ∈ N be such that T n i (x i ) = x i , 1 ≤ i ≤ l. Let n = lcm(n 1 , . . . , n l ). Then T n (x) = x for all x ∈ G, i.e. T n = Id.
The proposition, in particular, implies that if T ∈ GL(n, Z), (n ≥ 2), does not have finite order, then T does not act distally on Sub Z n ; e.g. T is any strictly upper triangular matrix in GL(n, Z) with all the diagonal entries equal to 1. As an application of the above result, we get the following theorem about the relation between the behaviour of an automorphism of a lattice Γ in a simply connected nilpotent group G in terms of the distally of its action on Sub Γ and on Sub G . Note that any automorphism of such a Γ extends to a unique automorphism of G (cf. [24] ). Note also that such a Γ is finitely generated and strongly root compact, and hence by Lemma 3.4, Sub c Γ is closed. Theorem 3.8. Let G be a connected simply connected nilpotent Lie group and let Γ be a lattice in G. Let T ∈ Aut(G) be such that T (Γ) = Γ. Then the following are equivalent:
(1) T | Γ ∈ (NC).
(2) T acts distally on Sub a Γ .
(3) T acts distally on Sub Γ .
(4) T ∈ (NC). (1) and (6) =⇒ (3) =⇒ (2) =⇒ (7) =⇒ (1). It is enough to show that (1) =⇒ (8) . Since Γ is a lattice in a simply connected nilpotent group G, it is finitely generated, nilpotent and discrete. Therefore, Γ is strongly root compact and by Proposition 3.7, T n | Γ = (T | Γ ) n = Id. By Theorem 2.11 of [24] and Corollary 1 following it, T n = Id.
Example 3.1 shows that Theorem 3.8 does not hold for lattices in a general connected simply connected solvable Lie group and it also illustrates that the following is the best possible result for lattices Γ in connected simply connected solvable Lie groups. Note that such a lattice Γ is torsion-free and every subgroup of it is finitely generated, and hence by Lemma 3.3, Sub c Γ is closed. Example 3.1 also shows that not all the statements in the corollary below are equivalent. (1) T | Γ ∈ (NC).
(2) T n | Γ ′ = (T | Γ ′ ) n = Id for some n ∈ N, where Γ ′ is a subgroup of finite index in Γ and Id is the identity map on Γ ′ .
(3) T acts distally on Sub c Γ .
(4) T acts distally on Sub a Γ .
(5) T acts distally on Sub Γ .
Proof. Suppose (2) holds. Let S = T n and let m be the index of Γ ′ in Γ. Let x ∈ Γ. Then x m ∈ Γ ′ and S(x m ) = x m and, x m = e as G is torsion-free. It follows that any limit point H of {S i (G x )} contains a subgroup generated by x m . Therefore, S| Γ ∈ (NC), and hence T | Γ ∈ (NC) and (1) holds. Now suppose (1) holds, i.e. T | Γ ∈ (NC). As G is connected, solvable and simply connected, [G, G] is a connected nilpotent normal subgroup. Let N be the maximal connected nilpotent normal subgroup of G. Then N is simply connected, T (N) = N, [G, G] ⊂ N and G/N is abelian. Moreover, N ∩ Γ (resp. (ΓN)/N ) is a lattice in N (resp. in G/N) (cf. [24] , Corollary 3.5). Since T keeps Γ ∩ N invariant and T acts distally on Sub c Γ∩N , by Theorem 3.8, T n 1 = Id on Γ ∩ N for some n 1 ∈ N. Note that (ΓN)/N is a lattice in G/N which is simply connected and abelian. Note also that Γ/(Γ ∩ N) is isomorphic to (ΓN)/N, therefore it is finitely generated, abelian and torsion-free. By Lemma 3.5, we get that T ∈ (NC), where T ∈ Aut(Γ/(Γ ∩ N)) is the automorphism corresponding to T . By Proposition 3.7, T n 2 = Id on Γ/(Γ ∩ N)
for some n 2 ∈ N. This implies that for x ∈ Γ, T n 2 (x) = xy for some nontrivial y ∈ Γ ∩ N. Let n = lcm(n 1 , n 2 ) and let T n = S. Now suppose x ∈ Γ is such that S(x j ) = x j for all j ∈ N. Then S(x) = xy for some y ∈ Γ ∩ N. As Γ ∩ N is torsion-free, by Lemma 3.12 of [31] , we get that S ∈ (NC). Hence T ∈ (NC), which contradicts the hypothesis. Therefore, for every x ∈ Γ, there exists j which depends on x such that S(x j ) = x j . As Γ is finitely generated, there exists x 1 , . . . , x k which are generators of Γ. Let j i be such that S(x j i i ) = x j i i . Let m = lcm(j 1 , . . . , j k ) and let Γ ′ be the subgroup of Γ generated by {x j 1 1 , . . . , x j k k } ∪ (Γ ∩ N). Then Γ ′ is a subgroup of index m in Γ. As Γ/(Γ ∩ N) is abelian and S| Γ∩N = Id, we get that S| Γ ′ = Id. As S = T n , it follows that (2) holds.
It is easy to see that (6) =⇒ (5) =⇒ (4) =⇒ (3). It is enough to show that (3) =⇒ (6). Suppose (3) holds, i.e. T acts distally on Sub c Γ . Since (3) =⇒ (1), we have that (2) holds, i.e. there exists a subgroup Γ ′ of finite index in Γ and n ∈ N. such that T n | Γ ′ = Id. As in the proof above, we also have that T n acts trivially on Γ ∩ N and also on Γ/(Γ ∩ N), where N is the maximal connected nilpotent normal subgroup of G.
Let S = T n . Then we show that S| Γ = Id. If possible, suppose x ∈ Γ is such that S(x) = x. As x m ∈ Γ ′ , for some m ∈ N, we get that S(x m ) = x m . Let k be the smallest integer such that S(x k ) = x k . Now S(x l ) = x l y l for some y l ∈ Γ ∩ N, y l = e and S i (
is the cyclic group generated by x (resp. x k ) in Γ. As S(G x k ) = G x k , it implies that S does not act distally on Sub c Γ . Since S = T n , we get that T does not act distally on Sub c Γ . This contradicts (3) . Therefore, S| Γ = Id, and hence (6) holds.
The following is an example of a connected simply connected solvable Lie group G which admit a nontrivial automorphism T and a lattice Γ 1 such that T | Γ 1 = Id and T ∈ (NC). This is unlike the case of simply connected nilpotent groups (cf. Theorem 3.8). The example also shows that there exists a lattice Γ 2 in G such that T | Γ 2 ∈ (NC) but it does not act distally on Sub c Γ 2 .
Example 3.1. Let G = R ⋉ R 2 where the group operation is given by (s, x)(t, y) = (s + t, e 2iπt x + y), s, t ∈ R and x, y ∈ R 2 . Then G is a connected simply connected solvable Lie group. Let T be an inner automorphism by some g ∈ Z 2 \ {0}, i.e. T (t, y) = (t, y + e 2iπt g − g), for all (t, y) as above. Let Γ 1 = Z × Z 2 , where Z is a lattice in R and Z 2 is a lattice in the normal subgroup R 2 . Then Γ 1 is a lattice in G and T | Γ 1 = Id. Also, T | R 2 = Id and the action on G/R 2 corresponding T is also trivial. Now choose irrational number t in R. Then T (t) = (t, e 2iπt g − g), and hence T (t j ) = t j , j ∈ Z. As R 2 has no nontrivial compact subgroups, it follows from Lemma 3.12 of [31] that T ∈ (NC). Now choose Γ 2 = 1 2 Z ⋉ Z 2 and T is the inner automorphism by g as above where
For a lattice Γ of a connected semisimple Lie group G, it would be interesting to study the distality of the action of automorphisms on Sub Γ . Now we give an example of an automorphism T of SL(2, Z), which does not belong to (NC), and hence it does not act distally on Sub a SL(2,Z) . . For x = 1 0 1 1 ,
If n k → ∞, at least one of the entries of T n k (x l k ) goes to ∞, and hence {T n k (x l k )} does not converge in SL(2, Z). This implies that for the cyclic group G x generated by x in SL(2, Z), if {T n k (G x )} converges for some unbounded sequence {n k } ⊂ N, then T n k (G x ) → {e}. Therefore, T ∈ (NC), and hence T does not act distally on Sub a SL(2,Z) .
Distal Actions of Automorphisms on Sub G for Certain Compact Groups and Nilpotent Groups
In this section, for certain locally compact metrizable groups G and T ∈ Aut(G), we characterise the distality of the T -action on Sub G in terms of the compactness of the closure of the group generated by T in Aut(G). It is shown in [31] that if Aut(G) is endowed with the modified compact-open topology, then the map Aut(G)×Sub G → Sub G defined by (T, H) → T (H), T ∈ Aut(G), H ∈ Sub G , is continuous, i.e. Aut(G) acts continuously on Sub G by homeomorphisms (cf. [31] , Lemma 2.4). For compact groups G, the modified compact-open topology is the same as the compact-open topology on Aut(G). For any connected Lie group G with the Lie algebra G, for any T ∈ Aut(G), there is a unique Lie algebra automorphism d T in GL(G). Note that Aut(G) is isomorphic to a closed subgroup of GL(G), (isomorphism is given by the map T → d T ). Therefore, Aut(G) is a Lie group whose topology is the same as the compact-open topology as well as the modified compact-open topology, (cf. [3] , [15] ) In general, if Aut(G) is endowed with the compact-open topology, then Aut(G) is a topological semigroup and the natural map Aut(G) × G → G is continuous, (see [32] for more detail on topologies on Aut(G)). For a metric space X, a subset Ω of Homeo(X) is said to be equicontinuous at x ∈ X if given ǫ > 0, there exists δ > 0 such that φ(B δ (x)) ⊂ B ǫ (φ(x)), φ ∈ Ω, where B r (x) is the ball of radius r centered at x in X for r > 0. Ω is said to be equicontinuous on X if Ω is equicontinuous at every x ∈ X. If G is a locally compact first countable (metrizable) group with the identity e, then G has a left invariant metric, and hence any Ω ⊂ Aut(G) is equicontinuous at x if and only if it is equicontinuous at e. Therefore, Ω is equicontinuous on G if and only if given any neighbourhood U of e, there exists a neighbourhood V of e such that φ(U) ⊂ V for all φ ∈ Ω.
By Arzela-Ascoli Theorem (see e.g. [32] , Theorem 9.24), Ω ⊂ Aut(G) is relatively compact in Aut(G) (with respect to the compact-open topology) if it is equicontinuous at e and {φ(x) | φ ∈ Ω}, the Ω-orbit of x is relatively compact in G, for every x ∈ G. The converse also holds since G is locally compact and Ω is compact, the action of Ω on G is uniformly continuous. The following useful version of Arzela-Ascoli Theorem for locally compact metrizable groups easily follows from above. 2. Ω is equicontinuous at e.
The following will be useful. [18] together with the 'Note added in proof' in [18] ). Moreover if G is metrizable, then the above implies that, T is distal if and only if {T n } n∈Z is equicontinuous (at e). We now get the following for compact totally disconnected groups.
Theorem 4.3. Let G be a compact totally disconnected (metrizable) group and let T ∈ Aut(G). Then the following are equivalent:
(1) T acts distally on G.
(2) T acts distally on Sub G .
(3) T is contained in a compact subgroup of Aut(G).
Proof. Here, (3) =⇒ (2) follows from Lemma 4.2. As G is totally disconnected, (2) =⇒ (1) follows from Theorem 3.6 of [31] . It is enough to show that (1) =⇒ (3). Suppose T acts distally on G. Let Ω T = {T n } n∈Z . By Proposition 2.1 of [18] , Ω T is equicontinuous (at e). Also since G is compact, Ω T -orbit of x is relatively compact for every x ∈ G. By Theorem 4.1, Ω T has compact closure in Aut(G). Hence Ω T is a compact group (see e.g. Theorem 30.6 of [32] ).
Note that Theorem 4.3 also holds for a non-compact totally disconnected (additive) group G = Q n p , (n ∈ N), a p-adic vector space, and T ∈ GL(n, Q p ) (where p is a prime). This follows from Lemma 2.1 of [30] and Lemma 4.2 above together with the fact that GL(n, Q p ) is a (metrizable) topological group and its topology is the same as the (modified) compact-open topology.
The following generalises Theorem 4.1 of [31] in the case of connected nilpotent Lie groups to all compactly generated nilpotent groups. Note that in any connected nilpotent group G, the maximal compact subgroup K is connected, abelian and central in G (as G is Lie projective) and its torsion group is dense in K. Therefore, such a G is torsion-free if and only if it is a simply connected nilpotent Lie group, (equivalently, it has no nontrivial compact subgroup). Any compactly generated nilpotent Lie group is torsion-free if and only if its maximal compact subgroup is trivial.
Theorem 4.4. Let G be a locally compact compactly generated nilpotent group such that G 0 is torsion-free and let T ∈ Aut(G). Then the following are equivalent.
(1) T acts distally on Sub G .
(2) The closure of the group generated by T in Aut(G) is a compact group. Moreover, if G as above is a Lie group (with not necessarily finitely many connected components), then the following are equivalent and they also equivalent to statements (1-2) above.
(3) T ∈ (NC).
(4) T acts distally on Sub a G .
Proof. Let Ω T = {T n } n∈Z . If Ω T is compact, then it is a compact group (cf. [32] , Theorem 30.6). Now using Lemma 4.2, we get that (2) =⇒ (1). We know that (1) =⇒ (4) =⇒ (3). Suppose T ∈ (NC). Since G is strongly root compact, by Lemma 3.6, {x ∈ G | G x is closed} ⊂ M(T ). Since G is compactly generated and nilpotent it has a unique maximal compact group K such that G/K is a compactly generated torsion-free Lie group and all its cyclic subgroups are discrete. Now if x ∈ K, we get that G x is closed, and hence x ∈ M(T ). As K is T -invariant, we have K ⊂ M(T ), and hence G = M(T ). This implies that Ω T satisfies condition (1) of Theorem 4.1.
As G 0 is a simply connected nilpotent Lie group, by Theorem 4.1 of [31] , we get that T | G 0 generates a relatively compact group in Aut(G 0 ). This implies that
Suppose G is a Lie group. As G 0 is open, the preceding assertion implies that the Ω T is equicontinuous on G and Ω T satisfies condition (2) of Theorem 4.1. Therefore, (3) =⇒ (2), and hence (1 − 4) are equivalent for a Lie group G.
Suppose G is not a Lie group and suppose (1) holds. Then T ∈ (NC) and Ω T satisfies condition (1) of Theorem 4.1 as shown above. As T acts distally on Sub G , by Theorem 3.6 of [31] , T is distal. By Corollary 2.2, G is T -Lie projective. Therefore, there exists compact open T -invariant normal subgroups K n such that G/K n is a Lie group, K n ⊂ K n+1 , n ∈ N and n K n = {e}. As G 0 has no nontrivial compact subgroup, G n = G 0 × K n are open T -invariant subgroups such that T (G 0 ) = G 0 and T (K n ) = K n , n ∈ N. We know from above that {(T | G 0 ) n } n∈Z is equicontinuous on G 0 . Let {W m } m∈N be a neighbourhood basis of the identity e in G 0 such that T k (W m+1 ) ⊂ W m for all k ∈ Z and m ∈ N. Then {K n × W m | m, n ∈ N} forms a neighbourhood basis of the identity e in G. As K n are T -invariant, it follows that Ω T is equicontinuous on G and it satisfies condition (2) of Theorem 4.1. Hence Ω T is a compact group in Aut(G).
Note that if Γ is a locally compact compactly generated nilpotent group without any nontrivial compact subgroups, then Γ embeds in a connected simply connected nilpotent Lie group G as a closed co-compact subgroup and any automorphism of Γ extends to a unique automorphism of G (cf. [24] ). Note also that any closed subgroup of a simply connected nilpotent group is compactly generated. We now have the following which is a generalisation Theorem 3.8. Proof. Note that it is enough to show that if T | Γ ∈ (NC), then T is contained in a compact subgroup of Aut(G). Let T | Γ ∈ (NC). By Theorem 4.4, T | Γ is contained in a compact subgroup of Aut(Γ). Here, exp : G → G is a homeomorphism with log as it is inverse. Let d T : G → G be the Lie algebra automorphism corresponding to T . Since Γ is co-compact, it follows that log(Γ) generates G as a vector space and we also have that {d T n (g)} n∈Z is relatively compact for all g ∈ log(Γ), and hence it is relatively compact for all g ∈ G. This implies that d T is contained in a compact subgroup of GL(G). As Aut(G) is a closed subgroup of GL(G), T is contained in a compact subgroup of Aut(G).
Note that the action of G on Sub G is the same as the action of Inn(G) on Sub G , where Inn(G) is the group of inner automorphisms of G. The following is an analogue of Corollary 4.5 of [31] in case of certain disconnected nilpotent groups.
Theorem 4.6. Let G be a locally compact metrizable compactly generated nilpotent group and let K be the maximal compact (normal) subgroup of G. Then the following are equivalent:
(1) Every inner automorphism of G acts distally on Sub G .
(2) G acts distally on Sub G .
(3) Inn(G) is a compact subgroup of Aut(G).
(4) G/K is abelian and G = Z(G 0 ).
In case G is a torsion-free Lie group, then (1 − 4) are equivalent to the following:
(5) G is abelian.
Proof. Here (3) =⇒ (2) follows from Lemma 4.2. It is obvious that (2) =⇒ (1). We show that (1) =⇒ (4). Suppose (1) holds. Since K is the unique maximal compact subgroup of G, K is normal in G and G/K is a a compactly generated nilpotent Lie group without any nontrivial compact subgroup. By Lemma 3.1 of [31] , every inner automorphism of G/K acts distally on Sub G/K . To prove that G/K is abelian, we may assume that G is a Lie group without any nontrivial compact subgroup and show that it is abelian. If possible, suppose G is not abelian. Let Z be the centre of G. Then {e} = Z = G. Since G is nilpotent, there exists a closed subgroup Z 1 = {g ∈ G | xgx −1 g −1 ∈ Z for all x ∈ G} such that Z 1 = Z. Let y ∈ Z 1 be such that y ∈ Z. Then there exists x ∈ G such that xyx −1 = yz for some nontrivial z ∈ Z. Now inn(x)(y) = yz, and inn(x) acts trivially on Z which has no nontrivial compact subgroup. Let G y be the subgroup generated by y in Z 1 . Here, xy n x −1 = y n z n and since G is torsion-free, we have that no element of G y is stabilised by inn(x). By Lemma 3.12 of [31] , inn(x) ∈ (NC). In particular, inn(x) does not act distally on Sub G . This contradicts the statement in (1) , and hence G is abelian. This implies the first assertion in (4). of G/K n also acts distally on Sub G/Kn , n ∈ N. As (G/K n ) 0 = G 0 K n /K n is a Lie group, we get from above that G/K n = Z(G 0 K n /K n ). This implies that [G, G 0 ] ⊂ K n for all n, and hence [G, G 0 ] ⊂ n K n = {e}. Therefore, G = Z(G 0 ). This completes the proof of (1) =⇒ (4). Now suppose (4) holds. We show that (3) holds. Since G/K is abelian, for every g ∈ G, the Inn(G)-orbit of g is contained in gK. Therefore, (1) of Theorem 4.1 is satisfied for Ω = Inn(G). Now we show that Inn(G) is equicontinuous at e. By Theorem 2.1, G is Lie projective, and hence has compact normal subgroups K n such that G/K n is a Lie group, n ∈ N, and n K n = {e}. Therefore, G 0 K n is open in G. Since K centralises G 0 , K n U n = U n K n , n ∈ N, and {K n U n } is a neighbourhood basis of the identity e in G. As G = Z(G 0 ), we have that for all x ∈ G, xK n U n x −1 = K n U n , n ∈ N. Therefore, Inn(G) is equicontinuous at e and by Theorem 4.1, Inn(G) is relatively compact in Aut(G), and hence it is a compact group and (3) holds.
Note that in Theorem 4.6, (5) is not equivalent to (1 − 4) in general. There exist compact non-abelian totally disconnected nilpotent groups G, for e.g. take G to be a subgroup of strictly upper triangular matrices in GL(3, Z p ), where Z p is the ring of p-dic integers in Q p for a primes p. For such a G, the inner automorphisms act distally on Sub G , and hence Theorem 4.6 (1 − 4) obviously hold for G due to Theorem 4.3.
